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Abstract: A possibility of journeys through antigravity has recently been proposed, with
the suggestion that Weyl-invariant extension of scalars coupled to Einstein gravity allows for
an unambiguous classical evolution through cosmological singularities in anisotropic space-
times. We compute the Weyl invariant curvature squared and find that it blows up for the
proposed anisotropic solution both at the Big Crunch as well as at the Big Bang. Therefore
the cosmological singularities are not resolved by uplifting Einstein theory to a Weyl invariant
model.
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1 Introduction
Singularities in static solutions of general relativity are known to be of two types. The first,
known as coordinate singularities, have the property of being absent in some choice of coor-
dinates. The second, known as true singularities, have the property of being unavoidable for
any choice of coordinates. For example in the Schwarzschild black hole solution there are two
singularities: one at the center r = 0, and one at the event horizon r = rh. Note that the value
of the scalar RµνλδRµνλδ is the same in all coordinate systems and therefore it is viewed in
general relativity as a physical observable. The curvature squared for the black hole spacetime
is coordinate independent and given by
RµνλδR
µνλδ =
48M2
r6
. (1.1)
Thus, as the singularity at r = rh is not present in the curvature invariant, it may be removed
by the change of coordinates, which is exactly what takes place when Kruskal-Szekeres coor-
dinates are used. However, at r = 0 the black hole solution has a true intrinsic singularity,
visible to RµνλδRµνλδ.
It was pointed out in [1] that models describing massless fields including scalar fields with
conformal coupling to gravity in a uniform and isotropic Friedmann universe, could allow
one to continuously cross the boundary between gravity and antigravity. However, it was
soon realized that if the universe is not absolutely isotropic, the tiny deviations from isotropy
become amplified, leading to a true cosmological singularity at the boundary between gravity
and antigravity regimes [2]. This conclusion was verified, confirmed and generalized, see for
example, [3, 4]. One may come to a similar conclusion by studying also slightly inhomogeneous
spaces [2, 5]. Qualitative reasons for such behavior are easy to understand. In the vicinity of
the transition from gravity to antigravity, the effective Planck mass squared disappears, the
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effective gravitational constant blows up, which leads to an infinitely growing gravitational
instability and the development of a true cosmological singularity at the transition point.
In a closely related context, it has been suggested recently in [6–8] that uplifting general
relativity via a Weyl-invariant extension allows the definition of a classical evolution through
cosmological singularities. For this to happen, the geodesically complete space-time must
include some domains of antigravity. This would contradict the results of [2–5], but it was
claimed in [6–8] that the Weyl-invariant extension renders the standard cosmological singular-
ity unphysical, just like the transition to the Kruskal-Szekeres coordinates alleviates the event
horizon singularity for black holes, which is present in the Schwarzschild coordinates.
However, in their investigation of the cosmological singularity, the authors of [6–8] did not
study anyWeyl-invariant extensions of such curvature invariants asRµνλδRµνλδ or CµνλδCµνλδ,
which blow up at the cosmological singularity in the Einstein frame. Instead of that, they
studied only one specific invariant which was non-singular in any frame, including the Einstein
frame. Therefore investigation of the transition to the antigravity regime and back in [6–8]
was incomplete. For locally conformally invariant theories, ref. [9] suggests natural Weyl cur-
vature invariants which generalize the RµνλδRµνλδ invariant to Weyl symmetry. These should
play the role of physical observables whose properties are independent on the choice of a Weyl
gauge and of a coordinate system. The simplest possible such invariant is
I = f(X, X¯)CµνλδC
µνλδ . (1.2)
Here Cµνλδ is the Weyl curvature tensor of a conformal weight w = 0, the traceless part of
the Riemann tensor, and the function of scalars f(X, X¯) has a weight w = −4.
These are natural observables to use when evaluating the claims of refs. [6–8] that the
geodesic incompleteness of cosmological solutions of the Einstein gravity can be removed by a
better choice of the conformal gauge associated with the Weyl symmetry. The arguments put
forth were based on their construction of a variable which happens to be Weyl-invariant and
analytic at generic cosmological singularities. First we will clarify certain aspects of the near
singularity solution proposed in refs. [6–8]. We will argue that the solution there, presented as
Bianchi IX, actually becomes the Bianchi I solution near singularities in the approximation
neglecting spacial curvature. After reviewing and clarifying their framework, we will consider
the relevant observable – the Weyl curvature invariant (1.2) on solutions near cosmological
singularities, at the Big Crunch when gravity turns into antigravity and at the Big Bang
where antigravity turns into gravity. We will find that the Weyl invariant curvature is gauge
independent and infinite both at the Big Crunch as well as at the Big Bang.
2 A proposal for a journey through antigravity [6–8]
The proposal is to use Weyl symmetry to solve cosmological equations and to traverse cos-
mological singularities. The starting point is a Lagrangian which depends on two conformally
coupled scalars.
L (x) = 1
12
(
φ2 − s2)R (g) + 1
2
(∂µφ∂νφ− ∂µs∂νs) gµν − φ4f (s/φ) . (2.1)
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Also some terms with radiation and matter can be added. Note that the scalar φ has a ‘wrong
sign’ kinetic term, however, the action has a Weyl symmetry, which means that there are no
ghosts, as one can see in the equivalent form of the action below in(2.5). The action
S =
∫
d4x
√−gL (2.2)
is Weyl invariant under Weyl transformations
φ→ Ωφ , s→ Ωs , gµν → Ω−2gµν . (2.3)
This means that the scalars have conformal weight w = 1 and the metric gµν has w = −2,
L has weight w = 4 and √−g has w = −4, where g ≡ det gµν . One may gauge-fix Weyl
symmetry to recover the Einstein frame general relativity
(φ2 − s2)E = 6 (2.4)
in units MPl = 1. The action becomes
SE =
∫
d4x
√−gE
[1
2
R (g)E −
1
2
∂µσ∂νσg
µν
E − VE(σ)
]
, (2.5)
where tanh σ√
6
= sφ . Obviously, there are no ghosts in this model.
Note the significant difference between Weyl symmetric models without ghosts and the
‘nonsingular bounce’ type models studied in [10, 11] where
L (x) = 1
2
R (g) +
1
2
(∂µφ∂νφ− ∂µs∂νs) gµν − V (s) . (2.6)
Such actions do not have Weyl symmetry. Their scalar φ with the ‘wrong sign’ kinetic term
is a ghost field required for non-singular bounce models.
Returning to Weyl invariant no-ghosts models, we may be interested in various gauge
fixing conditions which break Weyl symmetry. One of the gauges fixing Weyl symmetry is
given by the condition that
− g ≡ −(det gµν) = 1 . (2.7)
This is a condition introduced in studies of general relativity in [12]. In the context of Weyl
invariant theories it is important that g has a conformal weight w = −4 which is the reason
why imposing this condition means breaking Weyl symmetry. It was called γ-gauge in [6],
−gγ = −(det gµν)γ = 1. It was proposed that this gauge makes visible a path through
antigravity avoiding cosmological singularities of the Einstein theory. In this gauge the action
(2.1) is
S =
∫
d4x
[ 1
12
(
φ2 − s2)R (g)γ + 12 (∂µφ∂νφ− ∂µs∂νs) gµνγ − Vγ(s, φ)] . (2.8)
We may solve the classical equations of motion following from the Weyl invariant action
or from the ones where the Weyl symmetry was gauge-fixed. The solutions in different gauges
will be related to each other by some Weyl transformation of the form given in (2.3).
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We are interested here only in solutions where the metric has definite anisotropy as
isotropic solutions do not suffer from cosmological singularities when approaching the transi-
tion from gravity to antigravity [1]. Thus following [7] we focus our attention on an anisotropic
Bianchi IX metric which describes a mixmaster universe [13].
ds2 = a2(τ)
(−dτ2 + ds23) . (2.9)
The Bianchi IX model describes a homogenous anisotropic 3-dimensional geometry with
S3 topology and isometry group SU(2). In notation of [13]
ds23 =
3∑
i=1
(liσi)
2 (2.10)
The corresponding metric is constructed using the left-invariant 1-forms σi,
σ1 = sinψ sin θdφ+ cosψdθ, σ2 = cosψ sin θdφ− sinψdθ, σ3 = cos θdφ+ dψ, (2.11)
l21 = r
2e
(√
2/3α1+
√
2α2
)
, l22 = r
2e
(√
2/3α1−
√
2α2
)
, l23 = r
2e−
√
8/3α1 . (2.12)
where we have introduced explicitly the constant “radius of curvature” r, as defined in [14].
The functions α1(τ), α2(τ) need depend only on the time τ [7].
In Bianchi IX models the spatial-curvature is anisotropic, the 3-curvature of the Bianchi IX
model is generically non-vanishing, and only becomes positive when the dynamics approach
isotropy1. For the explicit expressions of the curvature components and the corresponding
analysis we refer to ref. [11]. For the proposed antigravity solution in refs. [6–8], they only
consider the situation where the curvature of the Bianchi IX is neglected2. As we will now
explain, this actually brings the ansatz for the metric to a Bianchi I and the anisotropic
solution with vanishing spatial curvature as we will discuss.
Therefore, we first will inspect more carefully the meaning of the statement in [8] that the
spatial curvature of Bianchi IX is neglected near the cosmological singularity. One may rightly
question whether this is actually valid. The time-dependent curvature anisotropy is always
important and drives the chaotic oscillations [15] of the scale factors near the singularity.
There is an infinite number of such oscillations on any open interval around t = 0. However in
presence of a massless scalar field it might be possible to find a solution without such chaotic
oscillations, allowing the neglect of curvature as in ref. [8]. The model in [6–8] in fact has a
scalar field, see (2.5) and since the potential is neglected near singularity it makes the scalar
massless.
In notation of (2.10)-(2.12) the vanishing Bianchi IX curvature means that the radius of
the curvature r goes to r →∞ and the space tends to a flat one. The rescaled by the radius
1The case of non-vanishing 3-curvature for isotropic FLRW consideration has been studied in ref. [16].
2We are grateful to John Barrow for emphasizing to us that generically the 3-curvature cannot be neglected
near singularities.
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of curvature r 1-forms σ˜i = rσi satisfy the following rescaled SU(2) relations
dσ˜i +
1
2r
ijk σ˜i ∧ σ˜k = 0, (2.13)
Near the cosmological singularities terms involving the spatial curvature becomes negligible
according to [6–8]. In this approximation one finds that eq. (2.13) degenerates and the forms
σ˜i become closed:
dσ˜i|r→∞ → 0 ⇒ σ˜i = dxi . (2.14)
This means that near the singularities the metric ansatz before fixing any gauge becomes
ds2 = a2(τ)
(
−dτ2 + e
(√
2/3α1+
√
2α2
)
dx2 + e
(√
2/3α1−
√
2α2
)
dy2 + e−
√
8/3α1dz2
)
. (2.15)
We will confirm in the next section that the actual anisotropic solution of equations of motion
presented in [6–8] is valid for the Bianchi I case.
By looking at this metric one may think that in a Weyl gauge where a2(τ)γ = 1 it might
be possible to avoid the cosmological singularity which in other gauges is related to the scale
factor of the universe collapsing to zero. We will check if this expectation is indeed realized.
3 An analytic Weyl invariant
It was observed in [6–8] that the model has a Weyl invariant given by the following expression
χ(τ) ≡ (−g) 14 φ
2 − s2
6
. (3.1)
Under Weyl transformations φ2 − s2 has w = 2 and (−g) 14 has w = −2. It will be therefore
useful to extract the value of this Weyl invariant in various Weyl gauges to double check that
the solutions are correct and most of all to make sure that near the singularities the invariant
does not blow up. Note, however, that under the change of coordinates χ is not a scalar, the
square of it, χ2 = (−g) 12
(
φ2−s2
6
)2
, is a scalar density.
The γ-gauge effective action given in ref. [7], which we quote here:
S effγ =
∫
dτ
(
1
2e
[
−φ˙2γ + s˙2γ +
κ2
6
(φ2γ − s2γ)(α˙21 + α˙22)
]
− eρr
)
(3.2)
shows that the solution was obtained for the Bianchi I metric, as we will explain. In general,
in this gauge with a = 1 we would expect the curvature part of the effective action to be of
the form [9],
− 1
6
√
det gN (X, X¯)
[
αγ1/2(KijK
ij −K(2) + (3)R− 2γ1/2(K),0 + (Kβi − γijα,j),j
]
. (3.3)
We may compare eq. (3.2) with the general formula eq. (3.3) and we can see that the term
with (3)R is absent from the former. The expression for the (3)R for Bianchi IX can be found,
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e.g. in ref. [11]. See also eqs. (8-9) in [8] where the analogous expressions were given and the
curvature parameter k → 0, making the solution consistent with Bianchi I.
When equations of motion are solved the Weyl invariant χ(τ) turns out to be given by
the following expression
χ(τ) = 2τ¯(p+ ρr τ¯) , τ¯ ≡ τ√
6
, (3.4)
where ρr is a constant responsible for radiation, which is added to the actions above. This
invariant χ(τ) vanishes at
τ = τ¯ = 0, and τc =
√
6 τ¯c τ¯c = − p
ρr
. (3.5)
The complete solution depends on scalars functions which have conformal weight w = 0 and
are therefore Weyl gauge-independent. These are
σ(τ) =
√
6pσ
2p
ln
∣∣∣∣ τ¯T (p+ ρr τ¯)
∣∣∣∣ , (3.6)
α1(τ) =
√
6p1
2p
ln
∣∣∣∣ τ¯T1(p+ ρr τ¯)
∣∣∣∣ , (3.7)
α2(τ) =
√
6p2
2p
ln
∣∣∣∣ τ¯T2(p+ ρr τ¯)
∣∣∣∣ . (3.8)
Here p, pσ, p1, p2 are constants since the potential and the spatial curvature are ignored near the
singularities and p =
√
p2σ + p
2
1 + p
2
2. Since the solutions were obtained by solving differential
equations, there are integration constants there, T, T1, T2. There are no constraints on all
these constants apart from the fact that we exclude the case p1 = p2 = 0 which would make
the anisotropy function α1, α2 time-independent, since they satisfy the following equations
α˙1 =
p1
2p
1
τ¯
, α˙2 =
p2
2p
1
τ¯
. (3.9)
The solutions for the scalars φ and s which have w = 1 clearly depend on the choice of the
conformal gauge. For example, in the γ gauge they are given by the following expressions
1√
6
(φγ + sγ) =
√
T (p+ ρr τ¯)
∣∣∣∣ τ¯T (p+ ρr τ¯)
∣∣∣∣(p+pσ)/2p ,
1√
6
(φγ − sγ) = 2τ¯√
T
∣∣∣∣ τ¯T (p+ ρr τ¯)
∣∣∣∣−(p+pσ)/2p . (3.10)
This confirms that, with gγ = a(τ)γ = 1, one finds that χ(τ)γ = 2τ¯(p+ ρr τ¯) . In the Einstein
gauge, where φ
2−s2
6 |E = 1 one finds that
a2(τ)E = χ(τ) = 2τ¯(p+ ρr τ¯) , (3.11)
in agreement with the fact that χ(τ) is Weyl invariant.
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3.1 Cosmological singularities and the proposed recipe for traversing via anti-
gravity
In the Einstein frame the vanishing of the scale factor a2(τ)E takes place at two points in
time, at Big Bang at τBB = 0 and at Big Crunch at τBC = −
√
6 p/ρr
a2(τ)E = 0 ⇒ τBB = τ¯ = 0, and τBC =
√
6 τ¯c , τ¯c = − p
ρr
(3.12)
This is qualified in [6] as a geodesic incompleteness of the model in the Einstein frame, where
it is also suggested that things may become better in the gauge where a2(τ)γ = 1.
It is proposed that in a2(τ)γ = 1 gauge there is a resolution of the cosmological singulari-
ties which are present in the Einstein frame. The idea of traversing cosmological singularities
and of a complete journey through spacetimes including antigravity is summarized in [8]. In
this gauge the scalar fields are dynamical, the value of the expression 112
(
φ2 − s2) in front of
R in (2.1) may take various values, positive and negative. Restoring the units with Newton
gravitational coupling GN we have, in general that
√−g
16piGN
φ2 − s2
6
R =
√−g
16piG˜N
R , (3.13)
where for example in γ-gauge
G˜N (τ)|γ = 6GN
φγ(τ)2 − sγ(τ)2 . (3.14)
In γ-gauge where
√−g = 1 and φγ and sγ are dynamical, one finds that vanishing of χ(τ)γ =
φ2γ−s2γ
6 has an interpretation of switching the sign of the effective gravitational coupling G˜N (τ)
from gravity to antigravity, when χ(τ)γ is vanishing. It also means that at this points in time,
at τBB = 0 and at τBC = −
√
6 p/ρr there is a gravity/antigravity switch.
According to [6–8] the resolution of cosmological Big Bang and Big Crunch singularities
takes place in such a ‘Weyl uplifted’ model since the ‘failure of the geometry in the Einstein
gauge does not imply the failure of the geometry in other Weyl gauges’. In particular, in the
γ-gauge one can perform an analytic continuation through the singularity. The reason is that
near both of these singularities the Weyl invariant χ(τ) is analytic.
The recipe for traversing the singularities is first to enter antigravity at τBC = −
√
6 p/ρr,
spend some time in the antigravity spacetime until τ = 0, and return back to gravity for
τ > 0. One would then define the scale factor of the universe in the Einstein frame as follows
a2E(τ) = |χ(τ)| = |2τ¯(p+ ρr τ¯)| . (3.15)
The fact that it vanishes a couple of times, at the Big Crunch at τBC = −
√
6 p/ρr and
at the Big Bang at τ = 0 looks harmless: the curvature Rµνλδ(gE) transforms under Weyl
transformations, so it was argued there is no need to worry about it as there exists the Weyl
invariant (3.1) which is analytic at τBC = −
√
6 p/ρr and at τ = 0.
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However, naturally (see e.g. [9]) there are other Weyl invariants depending on the Weyl
curvature tensor which may be multiplied by some function of scalars so that such invariants
have w = 0 and do not depend on the choice of the conformal gauge. The simplest one was
shown in (1.2) where one can take any function of φ or s with w = 2 to balance the w = 4
from C2.
4 Weyl invariant curvature squared blows up
An example of the Weyl invariant curvature squared is given by
I(x) =
(
φ2 − s2
6
)−2
CµνλδC
µνλδ . (4.1)
In γ-gauge where −g(τ) = 1,(
φ2γ − s2γ
6
)−2
= χγ(τ)
−2 = (2τ¯(p+ ρr τ¯))−2 , (4.2)
and the metric is ds2γ = −dτ2 + ds23 where
ds23 = e
(√
2/3α1+
√
2α2
)
dx2 + e
(√
2/3α1−
√
2α2
)
dy2 + e−
√
8/3α1dz2. (4.3)
The explicit expressions for anisotropies α1(τ) and α2(τ) are given in (3.7), (3.8) We find the
following expression for the Weyl invariant curvature squared in the γ-gauge
I =
3
4τ¯6(p+ ρr τ¯)6
[
p2
(
p21 + p
2
2
)
+ 4pρr
(
p21 + p
2
2
)
τ¯ + 2pp1
(
p21 − 3p22
)
+ 4ρ2r τ¯
2
(
p21 + p
2
2
)
+ 4p1ρr τ¯
(
p21 − 3p22
)
+
(
p21 + p
2
2
)2 ]
. (4.4)
In Einstein gauge, where
(
φ2−s2
6
)−2
= 1 and ds2E = a
2
E(τ)
(−dτ2 + ds23) and a2E(τ) = χ(τ) =
2τ¯(p+ ρr τ¯), we find for IE = C2(gE) as expected the same value of the invariant,
IE = Iγ . (4.5)
In fact, the computation of the Weyl curvature squared in anisotropic Bianchi I models in the
Einstein frame was already performed in [17] and the result is compatible with ours.
We may now proceed to singularities. At the Big Crunch near τBC = −
√
6 pρr the Weyl
invariant curvature squared blows up
I|τ→τBC →
2 · 34
[
p2
(
p21 + p
2
2
)− 2pp1 (p21 − 3p22)+ (p21 + p22)2]
p6(τ − τBC)6 →∞ . (4.6)
At the Big Bang at τ → 0 we also find
I|τ→0 →
2 · 34
[
p2
(
p21 + p
2
2
)
+ 2pp1
(
p21 − 3p22
)
+
(
p21 + p
2
2
)2]
p6τ6
→∞ . (4.7)
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Note that our main condition was that p1 and p2 do not vanish, i.e. there is a time dependent
anisotropy in αi(τ). Under these restrictions, for generic ‘anisotropy velocities’ p1 and p2 the
Big Crunch and Big Bang singularities of the Weyl invariant curvature squared are unavoid-
able. Note that the combination of these two expressions is strictly positive for non-vanishing
arbitrary pi, namely
(I|τ→0)p6τ6 + (I|τ→τBC )p6(τ − τBC)6 → p2
(
p21 + p
2
2
)
+
(
p21 + p
2
2
)2
> 0 . (4.8)
Therefore there is no way to avoid both singularities in anisotropic solutions.
Thus, the Weyl invariant curvature (4.1) at the Big Bang and at the Big Crunch singularity
is divergent for solutions of classical equations of motion in [6–8], confirming that it is a ‘true
singularity’.
5 Discussion
Here we consider the solutions of Einstein equations suggested in refs. [6–8], claimed to allow
the transition through antigravity, and put forth as resolving the cosmological singularities.
Computing the value of the Weyl invariant curvature squared we find, rather, clear diver-
gences at cosmological singularities: there is no resolution and no journeys through spacetime
including antigravity under the condition that there is some time-dependent anisotropy.
Is this obvious or does it depend solely of specifics of this particular solution where we
were able to compute the invariant curvature in all Weyl gauges? We argue it is obvious,
based on the structure of the the Weyl invariant curvature. In the Einstein frame φ2− s2 = 6
I(x) =
(
φ2 − s2
6
)−2
CµνλδC
µνλδ = CµνλδC
µνλδ(gE) . (5.1)
The square of the Weyl tensor general relativity is given by the following combination
CµνλδC
µνλδ(gE) = RµνλδR
µνλδ(gE)− 2RµνRµν(gE) + 1
3
R2(gE) . (5.2)
Since Rµν is proportional to the energy-momentum tensor Tµν , we find that failing miraculous
cancellations rendering Einstein frame CµνλδCµνλδ(gE) finite, the usual cosmological singu-
larities in the Einstein frame due to RµνλδRµνλδ(gE) and/or TµνTµν and/or T 2 being infinite,
will also be present in any other Weyl geometry.
In the particular example [6–8] which we studied here, the antigravity regime in the
Weyl uplifted geometry with a(t) = 1 is separated from the gravity regime by an infinite
Weyl invariant curvature singularity. In standard Einstein geometry at the Big Bang or Big
Crunch we just observe that the combination of the squares of Riemann curvature, Ricci, and
scalar curvature in (5.2) is infinite: thus we have the standard textbook classical cosmological
singularity [14]. In Weyl uplifted geometry with a(t) = 1 the singularity has an additional
interpretation of the point where gravity would turn into antigravity. However, since we
observe that the Weyl invariant curvature is infinite for solutions with anisotropy, the universe
cannot pass from gravity to antigravity and back. This statement is valid independent of the
choice of the conformal gauge as I(x) in (5.1) is gauge independent.
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Note added:
After this paper was submitted, Bars, Steinhardt, and Turok (BST) agreed with our
statement that the Weyl invariant curvature squared constructed in [9] is singular on their
solutions [6–8], but claimed that it does not change their conclusions [19]. They also suggest
that certain massive geodesics defined in the classical background may “continue” through the
Big Crunch and the Big Bang. We are grateful to the referee for the suggestion to respond in
this added note.
The presence of Weyl invariant curvature singularities at finite points in time renders
the ongoing discussion in refs. [6–8, 19] highly problematic. Physical infinities mean the
classical theory is no longer in an applicable regime, and any associated discussion of geodesics
in a classical background cannot be supported. These infinities manifest the need for the
underlying UV-complete quantum theory of gravity with the old recognition that when energy
scales get high enough, curvature great enough, quantum mechanics has to resolve where
classical general relativity is no-longer predictive. Ref. [19] explicitly dismisses the curvature
singularities, lumping them amongst infinitely-many other Weyl-invariant diverging quantities.
We will first make the case of physical relevance of the curvature singularities, then discuss
the necessity of UV completion for this program, rendering all such discussions of classical
geodesics irrelevant.
Curvature singularities at finite points in time are associated with breakdown of GR
theories for very physical reasons – they are intimately related to the tidal forces experienced
by bodies. To sail through a singularity one cannot simply match particular massive geodesics
and claim predictive traversal. Within the classical regime, one should also consider null-
geodesics, the geodesics of photons and gravitons, and study whether the tidal forces, stresses,
and energies remain bound below the UV-cutoff (typically taken to be the Planckian scale).
It is worth considering a closely related study of the cosmological singularity of the Kasner
solution [21], where it was demonstrated how the infinite tidal forces of null-congruence relate
to the infinite curvature quadratic and cubic invariants. It is hard to understand in what
physical sense something might “traverse” paths buffeted by infinite tidal forces, independent
of how “smoothly” they may be sailing from a particular point of view.
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A classical GR analysis of the Raychaudhuri’s type equations, analogous to the one in
[21], was not performed in refs. [6–8, 19]. However, we believe that our results make such
investigation unnecessary. The point is that the infinite curvature means the classical theory
has broken down and the modeled system is in a regime where the classical methods are no
longer applicable. All calculations informed by densities/curvatures/energies above the UV-
cutoff can not be trusted, which is one of the many reasons why the standard criterion for the
existence of the cosmological singularity is the singular behavior of geometric invariants, such
as the squared curvature tensor or the square of the Weyl tensor, or higher order invariants,
see e.g. discussions of this issue in [14, 20] and in [9]. Indeed, as soon as the universe enters
the vicinity of the Big Crunch or the Big Bang where the curvature invariants exceed their
Planck values, one can no longer trust any results based on solutions of the classical Einstein
equations, which makes any claims about sailing through the singularity unreliable.
One could have hoped that this problem may be alleviated by finding some Weyl gauge
where the curvature invariants are finite. However, as we already emphasized in this paper,
as well one of the authors in [9], the invariants of the type of eqn. (5.1) do not depend on
the choice of coordinates and on the choice of the Weyl gauge. Thus any change of the Weyl
gauge does not help to remove the cosmological singularity in the models studied in [6–8, 19].
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